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' ' Abstract. Given a quiver, a fixed dimension vector, and a positive integer n, we construct 

, a functor from the category of D-modules on the space of representations of the quiver to the 

category of modules over a corresponding Gan-Ginzburg algebra of rank n. When the quiver 
£S| ' is affine Dynkin we obtain an explicit construction of representations of the corresponding 

wreath-product symplectic reflection algebra of rank n. When the quiver is star-shaped, but 
not finite Dynkin, we use this functor to obtain a Lie theoretic construction of representations 
fc^H | of a "spherical" subalgebra of the Gan-Ginzburg algebra isomorphic to a rational generalized 

double affine Hecke algebra of rank n. Our functors are a generalization of the type A and type 
1 BC functors from |CEE| and [EFM] respectively. 

H: 

p/j . 1. Introduction 

i -^h ■ The present paper is a step in a program, proposed by Etingof, Loktev, Oblomkov, and Ryb- 

nikov, that aims to connect the representation theory of Gan-Ginzburg algebras and symplectic 

reflection algebras with Lie theory (see |ELOR |). 

In [CEEJ Calaque, Etingof, and Enriquez give a Lie theoretic construction of some represen- 
ts^ I tations of the Cherednik algebra of type A n _\ (see |CEE] . Section 9.6). Specifically, for any 

pair of positive integers N and n, and any D-module M over sljsr, they define an action of the 

Cherednik algebra of type A n -\ with parameter N/n on the space 

F n (M) := (M ® (C N )® n f N , 

. where the action of sl/v on M is by adjoint vector fields. 

In the same paper, the authors extend their results to the case of the trigonometric degenerate 
double affine Hecke algebra (dDAHA) of type A n _i, of which the Cherednik algebra is a further 
degeneration (see [CEE| . Section 9.14). For this purpose, -D-modules on the Lie algebra sIn are 
substituted with D-modules on the group SL^v • The construction for Cherednik algebras can be 
^ . obtained from the one for dDAHA by rational degeneration. 

In |EFM| Etingof, Freund, and Ma generalize the construction of [CEEj from type A to type 
BC. Namely, the authors define a functor from the category of twisted -D-modules on the 
symmetric space GLjv/GL p x GL g (where p + q = N) to the category of representation of a 
corresponding dDAHA of type BC n (see [EFM], Section 5). 

The main result of this paper is a generalization of the construction of [CEE] for Cherednik 
algebras to the case of arbitrary symplectic reflection algebras of wreath product type of any 
given rank n. These are symplectic reflection algebras attached to a reflection group of the form 
r n xi S n , where T is a finite subgroup of SL2, and to its natural representation on the space 
C 2n . In particular, when T is the trivial group, the corresponding wreath product symplectic 
reflection algebra of rank n is the Cherednik algebra of type A n _\, while when T is the cyclic 
group of order two, Z/2Z, it is the Cherednik algebra of type BC n . The generalization of the 
functor F n that we propose was first suggested by Victor Ginzburg (see |CEE| . Section 9.16) 
and it passes through the representation theory of Gan-Ginzburg algebras, which can be seen 

1 



as the link between the representation theory of symplectic reflection algebras and the theory 
of quiver representations. 

Gan-Ginzburg algebras are one-parameter deformations of the wreath product of a symmetric 
group with the deformed preprojective algebra of a quiver. The deformed preprojective algebra 
IL\(Q) of a quiver Q, introduced by Crawley-Boevey and Holland in |CBHj . is a deformation 
of the path algebra of the double quiver Q (the quiver obtained by adding for each arrow in Q 
an arrow in the opposite direction) with parameter A 6 C 1 , where / is the set of vertices of Q. 
The representation theory of deformed preprojective algebras was studied in }CBHj . The rank n 
Gan-Ginzburg algebra An,x,u(,Q) is a deformation of the semi-direct product H\(Q)® n x C[5 n ], 
depending on a single complex parameter v. In many important cases this deformation has the 
PBW (flatness) property. 

The original motivation for the introduction of Gan-Ginzburg algebras comes from the rep- 
resentation theory of symplectic reflection algebras of wreath product type. Specifically (see 
[GG| ) when Q is an affine Dynkin quiver the algebra An\ )V (Q) is Morita equivalent to a sym- 
plectic reflection algebra attached to the wreath product T n x S n , where T is associated to Q 
via the classical McKay correspondence (in the rank 1 case this Morita equivalence was proved 

in [DEEp). 

In this paper, for a fixed dimension vector a = {a{\ il - I of the quiver Q, we consider the 
representation space Rep Q (Q). The cotangent bundle of this space is identified with the sym- 
plectic vector space Rep a (Q), and it is endowed with a symplectic action of the Lie group of 
basis changes G(a) = Ilie/GL^., and the corresponding infinitesimal action of its Lie algebra 
fl( Q ) = iLe/SW This gives a map (Weil representation) from the Lie algebra g(a) to the 
algebra W a = T>(Rep a (Q)) of differential operators with polynomial coefficients on the space 
Rep a (Q). For a fixed n, consider the vector space U® n , where U = ©j g /C a *. This space carries 
natural actions of the Lie algebra g(a) and of the group S n . Let M be any W Q -module, and let 
X be a character of Q(a) that agrees on the scalars with the action of g(a) on U® n . We define 
an _4, nj A,-i-module structure on the x-equivariant space 

F„, X (M) = {M®U® n )$ a \ 

that is the vector subspace of M®U® n on which g(a) acts by the character x- L~i this construction 
the parameter A is a certain explicit function of a and x- We thus get a functor F n y from the 
category of W Q -modules to the category of representations of An,x,—i(Q)- When Q is the Jordan 
quiver Aq (the quiver with one vertex and one loop) our construction reduces to the one of [CEE| , 
while when Q is the cyclic quiver of length two (that is the quiver with two vertices and two 
arrows pointing in opposite directions) it reduces to the rational limit of the functor from [EFM]. 

Another interesting aspect of Gan-Ginzburg algebras is their relation with rational generalized 
double affine Hecke algebras (rational GDAHA). Rank one GDAHA attached to star-shaped 
affine Dynkin diagrams were introduced by Etingof, Oblomkov and Rains in [EOR] (except 
in the D4 case for which they were already known thanks to the work of Sahi and Stockman 
[Sal ISt]). I n |ER] Etingof and Rains extended the definition of GDAHA to any star-shaped graph 
that is not a finite Dynkin diagram. Rank one GDAHA are deformations of group algebras of 
appropriate Coxeter groups and have the PBW property. Later, in [EGOj . Etingof, Gan, and 
Oblomkov introduced GDAHA of higher rank attached to any star-shaped graph that is not a 
finite Dynkin diagram. GDAHA of rank n are deformations of the wreath product of a rank 
one GDAHA with the symmetric group S n , and are quotients of group algebras of appropriate 
braid groups. It is shown in [EORJ that rank one GDAHA attached to affine Dynkin star shaped 
diagrams provide quantizations of del Pezzo surfaces (with a singular genus one curve removed). 
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Higher rank GDAHA are expected to give quantizations of spaces of Calogero-Moser type, which 
are some deformations of Hilbert Schemes of such surfaces. In |EGO| the authors introduced a 
degenerate version of GDAHA called rational GDAHA (sec [EGO], Section 2.2). In the affine 
case, and for values of the deformation parameters lying on a special hyperplane but otherwise 
generic, the rational GDAHA is finite over its center that can be identified with the algebra of 
regular functions on a corresponding Calogero-Moser space. 

In |EGU| the authors prove that, when Q is a star-shaped quiver that is not finite Dynkin, the 
algebra An \ V (Q) contains a subalgebra isomorphic to a corresponding rational GDAHA. This 
is the "spherical" subalgebra e® n A n ^\^{Q)eQ n , where eo is the idempotent in the path algebra 
of Q that corresponds to the nodal vertex of the star-shaped quiver Q (the nodal vertex is the 
vertex from which the legs of the star originate). Thus, in particular, by composing our functor 
F„ iX with the projector ef n we get a functor e® n F njX from the category of W^-modules to the 
category of modules over the rational GDAHA. 

In the second part of our paper we give an explicit Lie theoretic construction of some finite 
dimensional representations of rational GDAHA of higher rank. Specifically, suppose D is a 
star-shaped graph (but not finite Dynkin) with m legs whose lengths (including the node) 
are £i,...,£ m respectively. Fix a positive integer N and a character %' of qI n . For every 
index % = 1, . . . , m, let V% be a ^-stepped irreducible finite dimensional gl^y-module, that is an 
irreducible representation such that the tensor product V{ £>S with the vector representation 
has at most £i distinct irreducible components. For every n > 1, we define a representation of 
the rational GDAHA of rank n attached to the graph D on the x'-equivariant subspace 

E n , x >{Vu. ..,V m ):=(y x ®---®V m ® (C N )® n )f». 

We prove that we can obtain some of these representations by restriction from the representa- 
tions we constructed for Gan-Ginzburg algebras. In other words, we show that some of these 
representations are in the image of the functor e® n F n ^ x . Our main tool is a result from |ELOR| 
establishing an isomorphism between the algebra of twisted differential operators on a space of 
representations for the quiver of type A (where all arrows are oriented in the same direction 
and the coordinates of the dimension vector are nonzero and strictly increasing in the direction 
of the arrows) and the algebra of twisted differential operators on a corresponding partial flag 
variety. Namely, let D be a star shaped diagram that is not finite Dynkin, and let Q be the 
quiver obtained from D by assigning to all edges the orientation toward the node. Let a be 
a dimension vector such that ao = N and the other components are all nonzero and strictly 
increasing along each leg moving toward the node. We apply the functor F„ iX to the VFa-modulc 
M = C[Rep a (Q)] of polynomial functions on Rep a (Q). Projecting via the idempotent e® n we 
get a representation of the corresponding rational GDAHA on the space 

e® n F„ iX (M) = (M <g> e1 n U® n )^ a) = (M g> (C N )® n )$ a \ 

This equivariant space can be obtained in two steps: we can first take the equivariant space with 
respect to the action of the Lie algebras of the groups of basis changes at the non-nodal vertices, 
and then the equivariant subspace with respect to the Lie algebra q\ n of the group GL^r of basis 
changes at the nodal vertex. By the above mentioned result from |ELOR] applied to the legs 
of Q (that are quivers of type A), and for an appropriate choice of character \, after the first 
step we get a space of the form V\ ® ■ ■ ■ ® V m <X> (C N )® n , where each vector space V{ is a finite 
dimensional irreducible ^-stepped gl^-module whose highest weight is an explicit function of % 
and q. 
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We expect our construction for rational GDAHA to have a generalization to the case of non- 
degenerate GDAHA, involving quantum D-modules and quantum groups. Such a generalization 
was already obtained by Jordan in the type A case (see [J]), and by Jordan and Ma in the type 
BC case (see [JM] ). 

The paper is organized as follows. In Section [2] we recall the definition and main properties of 
Gan-Ginzburg algebras, as well as their relation to wreath-product symplectic reflection algebras. 
In Section [3] we construct the functor F n>x and compare it with the functors from [CEEJ and 
[EFM] in the special case of the Cherednik algebra of type A n _\ and BC n respectively. In Section 
H] we recall the definition of the rational GDAHA and its relation to Gan-Ginzburg algebras. 
In Section [5] we give a Lie theoretic construction of representations for rational GDAHA. In 
Section [6] we apply the results of [ELOR] to obtain a Borel-Weil type construction of some 
finite dimensional irreducible gl^-modules starting from modules over algebras of differential 
operators on spaces of representations of quivers of type A. In Section [7] we use the results of 
Section [6] to compare the representations of Gan-Ginzburg algebras and rational GDAHA we 
constructed in Section [3] and in Section [5] respectively. 

1.1. Acknowledgments. I am very grateful to Pavel Etingof, Sergey Loktev, Alexey Oblomkov, 
and Leonid Rybnikov for involving me in their project and for useful discussions. This paper 
was written while I was a Postdoctoral Fellow at the University of Toronto. I would like to 
thank my sponsors Sergey Arkhipov, James Arthur, Valentin Blomer, and Eckhard Meinrenken 
for their support. 

2. Gan-Ginzburg algebras 

2.1. Definition of the Gan-Ginzburg algebra. We recall some definitions from [GG]. As 
in the previous section, let Q be a connected quiver, and let I be the set of vertices of Q. The 
double quiver Q of Q is the quiver obtained from Q by adding for each arrow i — > j in Q a 

reverse arrow j — > i. In general, for an arrow i j we denote by t(a) = i its tail (or source), 
and by h(a) = j its head (or target). 

Let B := ^ i£l Cei be the finite dimensional semisimple algebra over C with basis formed 
by orthogonal idempotents {ej} ig/ corresponding to the vertices of Q (or equivalently of Q). 
Let E be the C-vector space with basis formed by the set of arrows {a € Q}. Then E is 
naturally a S-bimodule, and as such it decomposes as E = ®^ - eI Eij, where Eij = e{Eej is 

the submodule spanned by the arrows a £ Q with h(a) = i and t(a) = j. The path algebra of 
Q is CQ := T B E = n > o T%E, where T%E = E ® B ■ ■ ■ ® B E is the re-fold tensor product. The 

algebra CQ can be equivalently described as the algebra of paths on the oriented graph Q, where 
each idempotent is identified with the trivial path starting and ending at the corresponding 
vertex i, and the composition of paths that are not compatible is zero. 

Let n be a positive integer and set B := B® n . Let I G [1,n] be an index. We define the 
£>-bimodules Eg and 6 as follows: 

S t := B® (£ ~V ® E ® £:= S t . 

i<e<n 

We can thus form the tensor algebra TjgS . If we denote by i = . . . , i n ) € I n a multi-index, 
the unity in Tq£ is given by the sum of idempotents e% x ® e% 2 <8> • • • ® e% n ■ The symmetric 
group S n acts naturally on S. This action extends to Tgf , and we can form the smash product 
algebra Tg£ x C[5 n ]. 
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For any path p £ CQ and £ € [l,n], consider the element (p)g € Tg£ x CfSVi] defined by the 
following formula 

(p) e :=l®---®l®p®l®---®l 

where p is placed in the £-th position. 

Let v be a complex number, and let A = ^«e/ ^* ei ^ e an e l emen t of B. For any pair of 
distinct indices £,m € [1, n], let S£ m G 5 n be the transposition £ « — >■ m. Define the projector 
Pi, m e Tg£ x C[5„] as 

Pi,m = ^(e^iie^m G B. 
iei 

The following definition is equivalent to [GG , Definition 1.2.3 

Definition 2.1. The Gan-Ginzburg algebra A n ,\ jU (Q) is the quotient of TgS x CfiS^] by the 
following relations. 

(I) For any £ € [1, n] 

(II) For any a, 6 G Q, and any m G [1, n] with £ ^ m 

{v{eh(a))e(e t ( a ))mSe m if a = b* and b e Q 
-v{eh(a))e{e t ( a ))mSem ifb = a* and a G Q 
else 

The proof of the equivalence of the two definitions is trivial. Indeed relations (I) and (II) in 
Definition 12.11 can be obtained from relations (i) and (ii) in Definition 1.2.3 of [GGj respectively, 
by summing over the indices ix,...,i n . Conversely, the above mentioned relations (i) and (ii) 
can be obtained by multiplying (I) and (II) on both sides by the idempotents ® • • • ® ei n and 
e% x ® • ■ • ® e/j( a ) ® • • • ® e t ( a ) ® • • • ® ej n respectively. Thus the two sets of relations generate the 

t m 

same ideal in Tg£ x C [5 n ] . 

We recall that the algebra A n: x,u(Q) does not depend on the orientation of Q. Moreover a 
simultaneous rescaling of the parameters by a nonzero complex number does not change the 
algebra A n ^ u {Q) up to isomorphism. 

2.2. Relation to deformed preprojective algebras and PBW property. It is straight- 
forward to check that: 

(i) The algebra A\,\ >V {Q) = A\ t \(Q) is independent of v and is the deformed preprojective 
algebra IIa(Q) of [CBH] which is, by definition, the quotient of the path algebra CQ by 
the following relation 

} J [a, a*] - ^ A^ej = 0. 

(h) An, x ,o(Q) =Ux(Q) m *C[S„]. 

It follows that An,\,v{Q) is a one-parameter deformation of Ti\{Q)® n x C[S n ] with parameter 
v. This deformation is not always flat. However one has the following theorem due to Gan and 
Ginzburg (see [GG| . Theorem 2.2.1 and Remark 2.2.6). 
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Consider the nitration on An,x,u(,Q) obtained by assigning degree zero to the elements of S n 
and of B, and degree one to each arrow a £ Q. It is easy to see that there is a surjective 
homomorphism (f> : -4 n ,o,o(Q) ->■ gr(Ai,A,i/)- 

Theorem 2.2 ([GGJ). If Q is a connected quiver that is not of finite Dynkin type and has no 
edge-loop then (j) is an isomorphism. 

□ 

In this case we say that A n> \^(Q) is a PBW deformation of A n fi,o = Y[o n (Q) * C[5 n ]. 

2.3. Symplectic reflection algebras for wreath products. The original motivation to 
study Gan-Ginzburg algebras comes from the theory of symplectic reflection algebras intro- 
duced by Etingof and Ginzburg in |EG| . In fact, in the case when Q is an extended Dynkin 
quiver, Gan-Ginzburg algebras have been a fundamental tool in the study of the representation 
theory of the wreath-product symplectic reflection algebras (see [G], |EM| . [M]). of which we 
are going to recall the definition below. 

Let L be a 2-dimensional complex vector space with a symplectic form lol, and consider the 
space V = L®", endowed with the induced symplectic form ojy = a>£® n . Let T be a finite 
subgroup of Sp(L). Let S n act on V by permuting the factors. The wreath product group 
r n := r n x S n C Spiy) acts naturally on V . In what follows we write 7, E T n for any element 
7 € r seen as an element in the i-th factor T of T n . It is clear that choosing a symplectic basis 
x, y for L we can identify T with a subgroup of SL2. We denote by Xi, y\ the corresponding 
vectors in the i-th summand L of V. Similarly, given any v (zV and i € [1, n], we write Vi for v 
placed in the i-th summand L of V. Let t, k G C, and let c be a complex valued class function 
on T \ {1}. Write c 7 = 0(7) for the value that c assumes on an element 7 E T. Denote by TV 
the tensor algebra of V. The following presentation of the wreath product symplectic reflection 
algebra is due to Gan and Ginzburg (see |GG| . Lemma 3.1.1). 

Definition 2.3. The symplectic reflection algebra H t ^ c (r n ) is the quotient of the smash product 
TV xi C[r n ] by the following relations: 
(Rl) For any i £ [l,n]: 

[xuVi] = t - I s ijlilJ l + 

j+% 7 er 7er\{i} 

(R2) For any u,v £ L and i 7^ j: 

k 

i u i' v j] = 2 ^2^Lhu,v)s ij -fay 1 . 

We recall that the algebra H^kJJ^n) does not change up to isomorphism if the parameters 
t, k, c are simultaneously rescaled by a nonzero constant; in particular if t 7^ we have that 
Ht,k,c(^n) — Hi,k/t,c/t(Tn)- Note that our parameter k differs from the one in |GG| by a sign. 
As we will see in Section 12.51 we make this choice so that, in the special case of the rational 
Cherednik algebra, our notation is consistent with the notation of |EG| and [E], Example 7.5. 

2.4. Morita equivalence. We will now recall the classical McKay correspondence. For a finite 
subgroup r C SL2, we denote by {Ni} i&1 a complete set of pairwise non-isomorphic represen- 
tations. We consider the quiver with vertex set I, and such that the number of arrows from i 
to j is the multiplicity of iVj in L ® Nj, where L is the defining representation of T. In other 
words we have that dimE^- = dim Homr (iVj , Nj ® L), and since L is a self-dual representation it 
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follows that dim E{j = dim Eji. The quiver so obtained is the double of an affine Dynkin quiver 
of type ADE. Forgetting the orientation, this construction establishes a bijection between the 
conjugacy classes of finite subgroups of SL2 and the affine Dynkin diagrams of type ADE. The 
following result, due to Gan and Ginzburg (see |GG] . Theorem 3.5.2), is the original motivation 
for the introduction of Gan-Ginzburg algebras. 

Theorem 2.4. The algebra H t ^ c (r n ) is Morita equivalent to the algebra AnXv{Q) > where Q 
is the McKay quiver for T, Aj is the trace oft • 1 + c 77 on Ni, and v = — 

For n = 1 the above result is due to Crawley-Boevey and Holland (see [CBH], Corollary 3.5). 

2.5. The special case of the rational Cherednik algebra. When T is trivial or a cyclic 
group the algebra in Definition 12.31 is a rational Cherednik algebra, and the Morita equivalence 
of Theorem 12.41 is actually an isomorphism. 

In particular, when T is trivial there is no parameter c and the algebra in Definition 12.31 is 
isomorphic to the Cherednik algebra of type A n -\, that is the Cherednik algebra H t ^{S n ,C n ) 
attached to the reflection group S n and to its natural permutation representation on C n (where 
the parameters are the same as the ones in [EGJ, and in [EJ, Example 7.5). It is also easy to 
check that in this case the vectors %i — Xi+i,yi — m+i where i = 1, . . . , n — 1 and the elements of 
S n generate a subalgebra isomorphic to the rational Cherednik algebra H2t,k(S n , C™" 1 ) attached 
to S n and to its reflection representation. In this case the McKay quiver of T is the Jordan quiver 
Aq (that is the quiver with only one vertex and one loop) and we have an isomorphism 

Ai,A,^(A)) — Hx-2v{S n ,C n ). 

It follows that A n ,\,v(Ao) contains a subalgebra isomorphic to the rational Cherednik algebra 

H2\,-2u(S n ,C n 1 )c^Hi_ v /x{S n ,£ n 1 ). 

Similarly, it is easy to see that when T is a cyclic group Z/mZ of order m > 2 the algebra of 
Definition ^. 31 is isomorphic to the rational Cherednik algebra Ht & c ((Z/mZ) n xi S n , C n ) attached 
to the complex reflection group G(m, l,n) = (Z/mZ) n x S n and to its reflection representation 
on C n . In particular when m = 2 we get the rational Cherednik algebra of type BC n . In this 
case the McKay quiver of T is the cyclic quiver of length two (that is the quiver with two vertices 
and two arrows pointing in different directions). In this case the parameter c is just a complex 
number, the parameter A is a pair of complex numbers (Ai,A2), and there is an isomorphism 

An X u{Q) - H tAc ((Z/2Z) n x S n ,C n ) 

where it is easy to calculate that, according to Theorem 12. A\ the parameters (t,k,c) and (A, v) 
are related by the following formulas 

Ai + A2 Ai — A2 , 
(!) *= 2 ' C= 2 ' k=-v 

Remark 2.5. It is not hard to check that the algebra Ht fc )C ((Z/mZ)" x S n ,C n ) can be ob- 
tained by rational degeneration from the (trigonometric) degenerate double affine Hecke algebra 
(dDAHA) m(t,ki,k2,ks) described in |EFM| . Section 3.1. Roughly speaking, the rational de- 
generation is obtained by setting Xi = e 4 and y~i = hyi where Xi and y% are the generators of 
TM(t, ki,k2,kz) in |EFM| . and by taking the limit h — > 0. The generators x~i, y~i of the rational 
degeneration are related to the generators x,, 1/3 in Definition 12.31 by the formulas x; L = and 
yi = Xi. The relations between the parameters (k, c) and {k\, k2, ^3) are as follows 

(2) k = 2k x , c=-(2k 2 + k 3 ). 
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3. Construction of the functors F U)X 

3.1. The main theorem. Let Q be a connected quiver, and let a = {a{\ i&1 be a dimension 
vector for Q. We denote by Rep a (Q) the space of matrix representations of dimension vector a 
of the double quiver Q . We have 

Rep Q (Q) = Hom c [Eij , Hom c , )) . 

We denote a representation in Rep a (Q) by p = {p(a)} ae g- 

Observe that if we denote by Q op the opposite quiver, that is the quiver obtained from Q by 
reversing the orientation of the arrows, we have the following decomposition 

Rep Q (Q) = Rep Q (Q) © Rep a (Q op ) = Hom c (c^ a \ C fc (°>) © Hom c (c ft W, C*W) . 

aeQ 

Using the trace pairing, we obtain canonical isomorphisms 

Rep Q (Q°^Rep Q (Q)* 

and 

_Rep a (Q) ~ Rcp Q (Q) x Rep Q (Q)* - T*Rep a (Q). 

It follows that Rep Q (Q) is equipped with a natural symplectic form that, using again the trace 
pairing, is identified with the form 77 on Rep Q (Q) defined by the following formula 

r,(p,r) = ^Tr (p(a)r(a*) - r(a)p(a*)) Vp,r G Rep Q (Q). 

Let Wo be the Weyl algebra of the symplectic vector space (Rep Q (Q), rj), that is the algebra 
generated by the vectors in Rep a (Q) with defining relations 

(3) [p,T]=i](p,T) V/9,t G Rep a (Q). 

In other words W a = "D(Rep a (<5)), where T>(Rep a (Q)) denotes the algebra of differential op- 
erators with polynomial coefficients on the vector space Rep a (Q). Let U = (Bi£iC ai be the 
.B-module in which, for any i, the idempotent e$ acts as the projector on the subspace C Qi . 

For every m G N we denote by GL m the general linear group of degree m over C, and by 
Ql m its Lie algebra. We set G(a) = riie/GL Qi . Thus G(a) is reductive, with Lie algebra 
fl( a ) = Yliei S^oj) an( i ^ can be identified with the space of automorphisms of U as a B-module. 
The natural action of G(q) on the space Rep a (Q) by basis change automorphisms induces an 
action on the cotangent bundle Rep a (Q) that preserves the symplectic form rj. It is a standard 
fact that, in this case, we have a natural homomorphism £ : g(a) — > W a , known as the Weil 
representation. If for x G 0(a) and p G Rep a (Q) we denote by xp the infinitesimal action, then 
the homomorphism £ is given by the formula 

(4) «x) = ^ J>p> p 

where {p p }, {/c^} are dual bases of Rep Q (Q) with respect to rj, that is r)(p p , p q ) = S pq . Note that 
for any b G g(a) and p G Rep a (Q) we have 

(5) [£(x),p]=xp 

where [ , ] denotes the commutator in the associative algebra W a . 
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It follows that every W^-module M is a g(a)-module via the Weil representation. For every 
n G N and every W^-module M we can thus consider the g(a)-module M ® Jj® n where the 
g(a)-module structure on U is given by the infinitesimal action induced by the natural action 
ofG(a). 

Let x be a character of that agrees on the scalars with the central character of the 
g(a)-module JJ® n . We define the x-equivariant subspace of M ® JJ® n as 

(M <g> [7®")s( Q ) : = G M ® l^ n |xu> = x(^K Vx G g(a)} . 

Observe that, since scalars in G(a) act trivially on Rep a (Q), the map £ is zero on the scalars 
in g(a) and thus scalars act trivially on M. It follows that the condition we imposed on the 
character x is a necessary condition for the corresponding equivariant space to be nonzero. 

For every choice of x an d n as above we define a functor F n;X : W a — mod — > Vect by the 
formula 

(6) F„ !X (M) = (M®[/® n )f ) VM in W a - mod. 

For each generator (a)^ of the Gan-Ginzburg algebra An,\,v(Q), where I = 1, . . . n, and a G Q, 
we define a linear operator on F n;X (M) that, for simplicity, we denote by the same symbol 

(7) (a) e :=Y,P P UP P (a)h 

p 

Here {p p } and {ff} are dual bases with respect to r], and the subscript £ in {fP{a))i indicates 
that the operator ^(a) acts on the i-th. factor of U® n . We also have an action of the algebra 
B x C[5„] = B® n x C[5„] on F n>x (M), induced by the natural action of B x C[5„] on C/ 0n . 
Indeed, since g(a) = Ends(fJ), the S action commutes with the g(a) action on J/®", and thus 
it preserves the X" e q u i var i an t subspace ©. Moreover the S n action on JJ® n commutes with the 
G(a) action, thus with the g(a) action, and so it also preserves the above mentioned subspace. 
The smash product relations of B x CfS'n] are obviously satisfied. 

We recall now that the symmetrized Ringel form attached to Q is the bilinear form on Z' 7 ' 
given by the formula 

(8) (a, a') = 2^2a i a' i - ^2 a t{a) a' h{a) + a h{a) a' t{a) Va, a' G Z |J| . 

i£l aeQ 

Let {ei} ieI be the Z-basis of Z' 7 ', where e« = (0, . . . , lj, . . . , 0), and let C = (cij) be the matrix 
of the above form in this basis. Then Cjj = 2Sij — aij, where A = (a^) is the adjacency matrix 
of the quiver Q, that is = dim^ Q. 

Observe that any character x °f can be written as a sum of the form 

where Xi is in C. The condition that x agrees on the scalars with the central character of JJ® n 
corresponds to the condition 

(9) ^2 XiOti - n = 

iei 

1 Note that here we adopt the definition of adjacency matrix for a directed graph in which the i-th diagonal 
entry is the number of loops at the corresponding vertex i, and not twice such number. Thus, in our case, the 
i-th diagonal entry of the matrix A is the number of loops of Q at the vertex i, which is twice the number of loops 
of Q at the same vertex. 
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on the complex numbers Xi f° r * € /. 

The following theorem is the first main result of this paper. 



Theorem 3.1. The operators {a)n and the action of B xi C[iS n ] on F n>x (M) combine into an 
action of the Gan-Ginzburg algebra An\ v where 

X i = Xi ~ g E c i ia i 
j 

and 

v = -1. 

3.2. Proof of Theorem 13. 11 In preparation for the proof of Theorem l3.1l we will now prove two 
auxiliary lemmas. The first lemma describes some properties of dual basis for the symplectic 
form i] on Rep Q (Q). These properties are straightforward but for the sake of clarity in our 
computations we prefer to present them here separately, and use them freely in the rest of the 
paper. 

Lemma 3.2. Let {p p } and {ff} be dual basis with respect to r/, and let x be an element of $(a). 
Then 

i) 

Pq = ^2v(Pp,Pq)f> P = -J2v(Pq,Pp)p P ; 

P P 

ii) 

^2(xp p )p P = ^2p P (xp p )- 

p p 

Proof. Part i) is trivial. Let us prove part ii). We have 

Y( x P P )p P = Ppixff) + E r}[xfP, pp) 
p p p 

= E Pp( x f?) - E r? ( />p ' xp p"> 
p p 

= E pp^p 9 ) + E r ?(~^ p ' x pp) 
p p 

= Ypp( x p p ) + E(-^)(^) - Eo^x-^) 
p p p 

where we used the fact that r\ is invariant with respect to the g(a)-action. From the above 
calculations it follow that 

(io) YMftp* + E(^)(-^) = Em^) + E 



vi- 



We observe now that the right hand side and the left hand side of the identity in ii) do not 
depend on the choice of the pair of dual basis, and that if {p p } is dual to {pP} with respect to 
r\ then {— pP} is dual to {p p }. Thus formula (flOl) can be rewritten as 

2Y^P P )Pp = 2Ypp( x P P ) 
p p 

which is the desired identity. 
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□ 

Let a, b be arrows in Q, and consider the following operator: 

(11) F:=^p q {a)®p q (b):U®U ^U®U. 

g 

Our second lemma describes the action of F on U ® U. 
Lemma 3.3. We have that 

{-flip o (e t{a) <g> e h{a) ) ifa = b* and b G Q 
flip o (e ft ( ) ® e t(a) ) ifb = a*anda£Q . 
e/se 

where by flip we denote the linear map that exchanges the factors in U <X> t7 . 

Proof. Observe that if E{j denotes the vector space spanned by the arrows in the double 
quiver Q with tail j and head i then we can write Eij = Eij(Q) © Eij(Q op ), where Eij(Q) and 
Eij(Q op ) denote the vector spaces spanned by the arrows with tail j and head i in the quiver Q 
and Q op respectively. Thus we have 

(12) Rep a (Q) = Hom c (E tj , Hom c (C^ , C* ) ) 

= Hom c (E i:j (Q),Hom c (C°* , C a ')) © Hom c (^(Q op ), Hom c (<C Q ' , C *)) • 
i,3 

For any pair i,j G I take jn^j C Hom c (C a< , C^), and |ujj.j C Hom c (C a J ', C Ql ), where 
s = l,...,Oj and r = 1, ...,aj, to be dual bases with respect to the trace pairing, that is 
Tr c a i(u%ujp) = 5 s i5 rp . Let us choose the following bases of Rep a (Q) compatible with the 
decomposition in formula (|12j) . 



{Pa,rs} , where a G Q, and p a ,rs(b) 

(13) 

{p a ' rs } ; where a G Q, and p a ' rs (b) = < 
It is easy to calculate that 



^ )Ka) if 6 = a 

else 

-Urf 1 ^ ^ lib = a and a G Q 

n t(a)h(a) if 6 = a and a G Qop 

else 



f? (^Pa,rs,/> ' P J — SslO~rp{5(b=a*,aeQ) + ^(a=b*,b€Q)) 

so that the above bases, taken in the appropriate order, are dual to each other with respect to 
the symplectic form 77. 

Using these bases, we can immediately see that the operator F in (jlip . which is clearly 
independent on the choice of dual bases, is zero unless a = b* and b G Q or b = a* and a G Q. 
Suppose now that a = b* and b G Q. Then we have 

9 s=l,...,h(6) 
r=l,...,t(6) 
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This map is zero on Ui ® Uj if i ^ t(b*) = t(a) and j ^ t(b) = h(a). For i = t(a), j = h(a) we 
have 



< { s a)h(a) ® t#° )t(<0 = ^(o) ® 14(a) — > C4(«) ® U «*) 



s — 1, . . . ,/i(a) 
r=l,...,t(o) 



By the fact that •fit*^' 1 ^ | and /tigr°^°^ | are dual with respect to the trace pairing, the above 
map is —1 times the flip switching the two factors. Similarly, if b = a* and a € Q we get the 
flip, this time with positive sign. 

□ 

We are now ready to prove Theorem 13. H 

Proof (of Theorem 13. The commutation relations between the operators (a)i and the 
elements of S n are easily verified. It remains to check that the commutation relations (J) and 
(II) of Definition O hold. 

For relation (I) we have 

^[(a) e , (a*)i] = Ppl^Pqlu (P* '(<*) & '(«' ")) t - P q \ M P P \M (p q (a*)p p (a)) e . 

aeQ P,q aeQ 

By adding and subtracting the terms 

\ E E Pi\mP p \m (p p (a)p q (a*)) i and - ^ E Pp\uPq\u (p q (a*)P p (a)) i 

P,q aeQ p,q aeQ 

we can rewrite the above expression as 

£[(a)«, (a*),] =^EE [ftUftU] (pW(«*))< + [p P U (p>*)/(a)), 

+ 2 E E (PpUp 9 |m + pq\uPp\u) ([p P (a),p q (a*)}) e ■ 
aeQ P,q 

Using the defining relation of W a the first summand can be rewritten as 

\ E E ^ ft) fowco)* + ^> ft) 

P,g aeQ 

4 E E ( ( E rtpp, P 9 )/rm p q (a*)) + E ( ( E ifa* p«)aV) ) j 

aeQ a\\p / / £ P V V g / / £ 

^EE(ft( a )^( a *)-ft( a *)^( a )^- 



2 

aeQ g 
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Thus we have 



(14) {a*u 4 E E WW) " 



aeQ 



aeQ q 



+ ^EE^I m ^Im + P?|m/> p |m) {[p p {a),p q {a*)]) l . 



a€Q p,q 



.42 



The term is an operator on £7 and it commutes with the l?-action. This is because A\ is a 
sum of cyclic paths, that is paths starting and ending at the same vertex, and thus commutes 
with each idempotent e^. Moreover, A± commutes with all the elements of G(a). To prove this 
it is enough to observe that conjugating A\ by an element of g £ G(a) is the same as changing 
the dual bases {p q },{p q } into their conjugate bases {gpqg^ 1 } ,{gp q 9 1 } ■ These still form a pair 
of dual bases, since the G(a)-action on Rep a (Q) preserves the form rj. Thus this change does 
not affect A±, which is clearly independent on the choice of basis. It follows that A\ acts as a 
scalar on each irreducible component of the i?-module U, and such scalar depends only on the 
isomorphism class of the component. Each irreducible B-module is of the formA/i for some i G 7, 
where Mi is the unique irreducible of dimension vector = (0, . . . , lj, . . . , 0). Let us denote by 
Pi the scalar by which A\ acts on each irreducible component of type Mi. To determine pi we 
can use a trace computation. Let Ui be the isotypic component of U of type Mi. We know 
dim Ui = dim C ai = a.i . We have 



(15) 



Pi =-Tr\ Ut ( E E PMP q {**) ~ Pa{a*) P q (c 

Ui \aeQ q 

= 77- E T ^ I E P^V^) ~ Pq(^)P q (*) 



.aeQ 



It is easy to see that we can choose dual bases {p q }, {p q } compatible with the decomposition 
Rep a (Q) = - fi Hom c (Eji, Hom c (C a, ,C^')). Let A be the set of indices q such that p q 
belongs to the subspace - Home (-Eji,Homc (C ai , C a i)). It is clear that the only terms that 
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contribute to the sum (|15p are the ones with q € D{ . Thus 



Mi 

a 



\. E f E ^(«>V) - ) 

* qeDi \aeQ , 

Ot'i 

-dim I Hom c (E jh Hom c (C a > , C a >)) 



Thus for the first summand on the right hand side of ()14j) we have 
(16) 



\ A ^ = \ (E^ 

Vie/ 



Let us now look at the second summand. We have 



\ A 1 =~Y^{Pv\Mpq\M +Pq\MPp\M) I ^ [/A^), /> 9 (a*)] 
P,Q \aeQ 
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The operator ^ aG o [/^(a), p 9 (a*)] — [//'(a*), p 9 (a)] on J7 is a sum of cyclic paths and it is thus 
in 0(a). It follows that it can be written in the form 



E Tr M E iw.av)] - IW). /*(<*)] I ^ K 
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where {xk}, are a pair of dual bases of 0(a) with respect to the trace form. We can 

calculate 



T±\u E [/>»,/>>*)] ^ " [^(al,P q (a)}x k \=Tr\ u ij2[p q (a*),Xk]p p {a) - [p q (a),x k ] ff(a*)\ 

\aeQ J \aeQ 

= -^Tr(/>>)(* fc ^)(a*) - (x k pi)(a)ff(a*)) 

= -T](ff,X k p q ) . 



Thus we have 
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\ Y Y (Pp\mPq\m + Pq\mP p \m) (v (/A x k p q ) x k 
k p,g 

\YY (Pp\mPq\mV (f?, x k p q ) + P q \mP p \mV (jf, x k p q )) (x k ) e 

k p,q 

^ x kP q )Pi + Pg( x kP q )) \M(x h ) e 



k q 



k p,q 

= Y^ X k)\M(x k )i 
k 

= Y X(xk)(x k )e - Y ^2( x k)m(? k )i 

k km 

(17) = Y X(x k )(x k ) e - Yi X k)t{x k )t ~ Y ^(^)m(x fc )£. 

k k k mj^l 



We will now analyze separately the three summands in (I17j) . Observe now that, as we already 
mentioned, if for an element x G 0(a) we write x = {x[i]} ieI where x[i] € gl ai , then we have 

(18) x(ar) = ^X<Tc(x[i]) 

The first summand ]Cfc X^fcX 3 ^)^ commutes with all the elements of G(a). Indeed, since x is 
a character, conjugating x(x/c)(x fc )£ by an element of G(a) is the same as changing the dual 
bases {x k }, {x k } into their conjugate bases, and this does not affect the operator. Thus, for 
every i G I, the element ^ fc x(xk)(x k )e acts by a scalar Sj on the summand C/f of the £-th factor 
U in the tensor product U® n . Using (fT8l) and a trace computation, it is easy to see that Si = \i- 
Similarly one can calculate that the second summand J2 k {x k )e(x k )e acts as the scalar a{ on f/j. 
As for the last summand J2 k {x k )m{x k )i it is enough to observe that the operator J2 k x k <X> x k 
acts on Ui <8) Uj by zero if i 7^ j, and by the flip switching the two factors if i = j. Thus we have 
that Yjk( x k)m{x )i = Pt. m^lm- Adding the three summands together we get: 



(19) l -A 2 



^XXi - a i) e i J - Y Pe ' mSe ' 



Plugging (JT6J) and (fT9|) into ([Tijl we get relation (I). 
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Let us now look at relation (II). We have 

[(ah(b) m ]=J2[Pp\M, Pq \M) (p p (a)) e (P q (b)) m 

P,Q 

<i V p ) i 

(20) =J2M a Mp q ( b )) m - 

If we regard the operator in (pOj) as an operator on U <8> U we have £\ (Pq(a))i (p q (b)) m = F, 
where F is as defined in formula (jlip . It follows from Lemma 13.31 that (a)e, (b) m satisfy relation 
(II) for v = -1. 

□ 

3.3. Representations of the rational the Cherednik algebras of type A n -\ and -BC n . 



3.3.1. Type A n _\. If Q is the Jordan quiver Aq and a = N we have that Rep Ar ( J 4o) = fltjy In 
this case the conditions on the parameters in Theorem 13.11 give x = ^ = n/N and v = — 1. We 
thus get a functor F nn m : T>(q[ n ) — mod — *4n,ri/Ar,-i(A)) — mod. 

As we observed in Section [2T5| the algebra -A^n/N.-iXA)) contains a subalgebra isomorphic 
to the Cherednik algebra Hi tN / n (S n , C" -1 ). It follows that, by restriction, we get a functor 
F; n/JV : V(gl N ) - mod — ► H 1>N/n (S n , C™" 1 ) - mod. 

The underlying vector space of a H l ^N/ n (S n , C n_1 )-module in the image of this functor is 
of the form (M ® (C^)®" - )® 1 ^, where M is any X^gljy) — mod. Since the center of q[ n acts 

trivially on M, the n/A^-equivariant space (M ® (C^)® 71 )^ coincides with the slAr-invariant 
space (M ® (C Ar )® n ) sfjv . We thus have the following result. 

Corollary 3.4. Lei n and N be in N. The construction of Theorem^ yields a functor F' n n , N : 
T>(qI n ) — mod — > Hi^/ n (S n , C n ~ ) — mod defined by the formula 

F^ n/N (M) = (M0(C N r n ) SlN - 

□ 

It is not hard to see that the action of the subalgebra Hx^/ n (S n ,C n ) of »4 n ,n/7V,-i(A)) on 
F' nn , N (M) can be described in terms of the action of the subalgebra T>(sIn) of T>(gl N ) only. It 
is now easy to check that if we regard M as a £>(s[Ar)-module the functor F' nn , N agrees with 
the functor F n defined in |CEE| . Proposition 8.1 and Section 9.6. 

3.3.2. Type BC n . Suppose now that Q is the cyclic quiver of length two. Fix a positive 
integer N and let (p, q) be a dimension vector such that p + q = N . In this case we have that 
Ql((p,q)) = Ql p x gl q and we can identify the algebra q)) with a subalgebra of $i N in the 
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usual way. Following the notation of |EFM| Section 4.1, let us set fltjv = and let us write 
^ = QKiPiQ))- We have an isomorphism 

Rep fe?) (Q) = Hom(C p ,C)eHom(C 9 ,C p ) ~ g/{ 

from which it follows that 

P(Rep (M) (Q))~P( /«). 

Let now x = XiTr [ p + X2^gi q be a character of t satisfying condition ([9]) that is xiP + X2<? = n. 
It is clear that such a character can always be written in the form 



n 



(21) X = KQ^ P ~ pTrflO + ^(Tr 0lp + TV,) 

where /j£ C, and q'TYgt — pTr g i 9 is a basis for the subspace of characters of 6 that vanish on 
the scalars. Let to be the subalgebra of traceless matrices in t. Clearly we have that 6 = to © s ) 
where s ~ C denotes the subalgebra of scalars. Let now M be any D(g/B)-module, and let us 
identify the t- module £7 = C p © C 9 with C N . Since s acts trivially on M we have that 

(M ® (C^)®")^ = (M ® (C^)^ , 

where (M <S> (C N )® n ) t / l ) denotes the equivariant subspace under the action of to with respect to 
the character /j,(qTr 3 i p — pTV [ ). Observe now that with the notation of formulas (|21|) we must 
have 

n n 
Moreover we have that for this quiver the matrix of the symmetrized Ringel form is 

C = 



2 -2 
-2 2 

It follows that in this case the values of the parameters A and v for which the representation of 
Theorem 13.11 exists are given by the following formulas 

(22) \ 1= ^ q + — -p + q, A 2 = -fip + — +p - q, u = -1. 

Recall now (Section I2.5|) that we have an isomorphism A n ^ u {Q) ~ H t ^ c ((Z/2Z) n x S n ,C n ) 
where the parameters (A, u) and (t, k, c) are related by the formulas in (TTJ so that 

Rescaling the parameters by a factor 2 we have the following result. 

Corollary 3.5. Let p and q be in N with p + q = N and let fj, be in C. The construction of 
Theorem^ yields a functor F ntPtfl : Z?(g/t) — mod — > if^ & c ((Z/2Z) n x S n ,C n ) — mod given by 
the formula 

F w (M) = (M®(C N )® n )% 
where the values of the parameters are as follows 
2n 

(23) t = _ + /U ( g _p), fc = 2, c = /xiV + 2(g-p). 

□ 
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Let us now set G = GLjv and K = GL P x GL g so that g = Lie(G) and t = Lie(if). Let A be 
a complex number and let A(gTV g [ p — pTYg^) be a character of £. Recall that in Section 5.1 of 

EFMJ the authors define a functor F^ p „ from the category of modules over the algebra of twisted 
differential operators V X (G/K) to the category of modules over the dDAHA 7H(k\, k 2 , ^3) with 
parameters 

2n 

t= — + (X + n)(q-p), h = l, k 2 =p-q-XN, k 3 = (A - (i)N. 

Taking into account the relations between the parameters (k,c) and (^1,^2,^3) in formulas ([2]), 
it is not hard to see that the functor F ntPifM can be obtained from the functor F£ pfl by rational 
degeneration when A = 0. 

4. Rational generalized double affine Hecke algebras of higher rank 

4.1. Definition of the rational GDAHA of higher rank. Let us recall the definition of the 
rational generalized double affine Hecke algebra (rational GDAHA) of higher rank introduced in 
[EGO] . Let m be a positive integer. Let D be an m-branched star-shaped graph, that is a tree 
with one m-valent vertex, called the node or branching vertex and labeled by , and the rest of 
the vertices 2- and 1-valent. We will assume that D is not a finite Dynkin diagram. The graph 
D has m branches (legs); denote their lengths plus one by £\, . . . ,£ m . For k = 1, ... ,m and 
j = l,...,£ k , let jkj be complex parameters, and let 7 denote the collection of all parameters 
j k j. Let v be an additional complex parameter. 

Definition 4.1. The rational (or degenerate) generalized DAHA of rank n attached to D and to 
the parameters 7, v is the algebra J3 n (7, v) generated over C by elements Y^k (where i = 1, . . . , n 
and k = 1, . . . ,m) and the symmetric group S n , with defining relations (rl)-(r6) as follows. For 
any h S [1, n] with i ^ j, and any k, I € [1, m]: 

(?T) SijYi^k — YjfeSij, 

(r2) SijY h)k = Y h:k Sij, if h ^ 

4 

(rS) l[(Y iik - 7kj ) = 0, 

i=i 

(r4) Y iA + Y it2 + ■ ■ ■ + Y i>m = »Y^ 

(V5) [Y i>k , Y j:k ] = u(Y ijk - Yj }k )sij, 
(r6) \Y itk ,Y jtl ] =0, if k + l 

Let us label the vertices of D, excluding the node, by pairs (k, s) where k = 1, . . . , m is the 
leg-number, and s = 1, . . . , l k — 1 denotes the position of the vertex on the leg starting from the 
inside (so that (k, 1) is connected to the node). As explained in |EGQ1 § 2.1], there exist unique 
complex parameters Ao = Ao(7), A( fc s ) = A( fc s )(7), and £ k = ^(7) such that £1 + • • • + £ m = 
and the equation 

( 24 ) 7fci = E A (M + - + ^ 

in 

s=l 
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is satisfied for all j, k. We denote by A the collection of all parameters Ao, \k,s)- As explained in 
[EGO] , for any choice of complex parameters u\ , . . . , a m such that <T\ + ■ • ■ + & m = the transfor- 
mation 7^ — > 7fcj + a k leaves the algebra -B n (7> u) unchanged up to isomorphism (the required 
isomorphism is given by the assignment Y^k — > Yi,k + <7fc)- Thus the parameters £i,...,£m are 
"redundant" ; their use though allows to simplify the presentation. 

4.2. Relation to the Gan-Ginzburg algebra. Let now Q be the quiver obtained from D 
by giving to all edges the orientation pointing toward the node. For each k = 1, . . . ,m and 
s = 1, . . . ,£k — 1 denote by h k , s the arrow in the k-th leg with tail at the vertex (A;, s) and head 
at the vertex (k,s — 1), where we set (k,0) := for all k. Thus in particular the path hk%h1 1 
is the unique path of length two along the k-th leg that starts and ends at the node. Let eo be 
the idempotent in CQ corresponding to the node, and let the parameters 7 and A be related by 
(|24h . We have the following result. 



Proposition 4.2 ([EGO] Proposition 2.3.4). There exists a natural algebra isomorphism 
tp : B n (^f,v) ~ e® n A n ^\^- u {Q)e® n defined by the formulas 

p(Yi,k) = ef~ l ® (-h k ih* kl + U + ^) e ^ - ^ 



□ 



Remark 4.3. In Proposition 2.3.4 of [EGO there is a minor sign mistake, and the above 
isomorphism figures as B n ("f : v) ~ e$ n A n ^ u {Q)eQ n . The proof of the proposition stays the 
same once the sign change in the parameter v is considered. 

Remark 4.4. The presentation of the algebra B n (v,^) depends only on the graph D and not 
on the orientation of its edges. As we observed before, the algebra A n \^ u (Q) does not depend 
up to isomorphism on the orientation of the edges of Q, but only on the underlying graph: if the 
orientation of an arrow a £ Q is changed then the required isomorphism is given by (a)i — > (a*)i, 
(a*)i — > —(a)i for i G [l,n]. On the contrary, the presentation of A n ^\^{Q) by generators and 
relations does depend on the orientation. That is why, in order to give explicit formulas for the 
isomorphism 93, we assigned an orientation to the graph D. Nevertheless one can say that the 
isomorphism </? is "natural" : if the orientation of the edge connecting the k-th leg to the node is 
changed, then the sign with which the corresponding length- two loop at the node occurs in the 
defining relations changes, and ip is modified accordingly by substituting —hk,\h* k 1 with h* k -^^i 
in the formula of Proposition 14.21 



5. Representations of rational GDAHA 

In this section we will give an explicit Lie-theoretic construction of some finite dimensional 
representations for rational GDAHA of higher rank. 

For a positive integer N, let {ei} i=1 N be the standard basis of the weig ht lattice Z N of 
gi N . Then the i-th fundamental weight for gl N is = e\ + • • • + &j. We say that a finite 
dimensional irreducible representation of cjl^r is ^-stepped if its highest weight fi is of the form 
[i = aiuj pi + • • • + a£Uj pe , where pe = N. In other words the highest weight contains at most £ 
distinct entries. Recall that if V is an ^-stepped cj^-module, and is the vector representation 
of gl N , then V <S> C N is a direct sum of at most I distinct irreducible representations. 

Let Vi, ... ,V m be irreducible finite dimensional representations of gl N such that V k is t k - 
stepped but not (£ k — 1) - stepped, and let C N be the vector representation of this Lie algebra. 
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Let x' be a character of $i N . We define the x'-equivariant subspace of the tensor product 
V 1 ®---®V m ® (C N )® n as 

E n:X ,(V u . . . , V m ) := {v G Vi ® ■ ■ • <8> V m <g> (C w ) 8 >t; = x'O^K Vx G gl^} . 

Let = ^U rs <2> U sr be the Casimir tensor of gl N , where U rs denotes the corresponding 
matrix unit in MatAr X jv(C). Let fi^ denote the tensor f2 acting in the i-th and j-th factors of 
the above tensor product. Observe that if i and j are both greater than m, then £7^- is just 
the transposition operator. Let c be a complex number such that x' = c^glw- Let v be as in 
Section HI The following theorem holds. 

Theorem 5.1. For an appropriate value of the parameter 7 the formulas 

(25) Sij — ri m ^j i?ri _|_j 

(N - c) 

(26) Y i k = -vSl k i+m - v . 

m 

define a representation of the algebra B n (i/, 7) on the space E n x >(Vi, ■ ■ ■ , V m ). 

Proof. Relations (rl), (r2) and (r6) are obviously satisfied for all choices of 7. Relation 
(r3) follows from the fact that the representation V k is ^-stepped. In this case, in fact, the 
module V k ® has at most i k irreducible components, and hence the Casimir tensor $7 has at 
most Ik distinct eigenvalues (and is semisimple) on this tensor product (as it acts by a scalar 
on each summand). Relation (r4) follows from the fact that we work in the x'- e q u i var i an t 
subspace, and the fact that the standard quadratic Casimir of gl N has eigenvalue ./V on the 
vector representation. Indeed if for i = 1, . . . , n we denote by C\i +m the quadratic Casimir for 
qI n acting in the i + m-th factor of the tensor product we have that C|j+ m = N. Thus we have 

m 

- c) 



Yi,l + • • • + Yi,m\E n x ,(v 1 ,...,v m ) — ~ u ^2 &k,i+m — v{N 

fc=l 

m 



k=2 

m 

--u ^2 + vC\ i+m + V ^2 ^k,i+rn ~ VC+ 

j^i k=2 

m 

— V 



^2 ^k,i+m ~VN + VC 



k=2 



--V ^2 %+m,j+m + VN -VN 
'- u ^2 s ij\m n ,(y 1 ,...,v m )- 



Relation (r5) can be rewritten as 



(27) 



[Yi,k,Yj,k ~ vsij] = 0. 
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This follows from the fact that, using (rl) we can write 
Since we have that 

\Xi,ki~^j,k ~ VSij\ E ,(K,...,c ra ) = ^[^k,i+rni^k,j+in + ^i+m,j+rn] 

relation (|27p follows from the invariance property of the Casimir tensor. 

□ 

Now we would like to calculate the values of the parameters 7^ in Theorem 15.11 or, in other 
words, the eigenvalues of f2 on the irreducible components of V k <8> C N for each k. 

Let V be an ^-stepped (but not (I — l)-stepped) representation of gl N of highest weight 

\x := b\uo pi H h b £ u; pe 

where pi = N . Then the tensor product V <8> C N has a decomposition 

V C N = Y x + ■ ■ ■ + Y t 
where Yj is the irreducible representation of highest weight 

(J- + 

with po = 0. Since Q\ v ^ c n = ^(C\ v ^ c n — C\y — C| c jv), where C denotes the quadratic Casimir 
for qI n , it follows that the eigenvalue of O on Yj is 

= + e Pj _ 1+ i, 11 + e Pj _ 1+1 + 2p) - (fi, p, + 2p) - N) = bj H h be-pj-i, 

where as usual p is half the sum of the positive roots. 
Thus, if the highest weight of V/. is 

Mfc : = bkiu Pkl H h b k z k u Pklk , 

the above computation proves the following result. 

Lemma 5.2. The value of the parameter 7 for which the representation in Theorem \5.1\ exists 
is given by the formulas 

Ikj = -v(hj H 1" he k -Pkj-i + {N - c)/m), 

where k = 1, . . . , m and j = 1, . . . , Ik- 

□ 

Lemma 15.21 implies that the parameters Ao, \k,s)j an d Cfc defined by the relations in (|24p are 
given by the formulas 

m @k 

(28) A = -^^^6 fcj -^(iV-c) 

fc=i j=i 

(29) A (M) = v(b ks +p ks -pks-i) 

I I 4 1 - m 4 \ 

(30) a = " -EE^ + — -EM 

where k = 1, . . . ,m and s = 1, . . . ,£f. — 1. 
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We conclude by observing that in order for the space E niX r(Vi, . . . , V m ) to be nonzero, we 
need the center of qI n to act on the tensor product by the character x' ■ This gives the condition 

m Ik 

(31) J2 b ksPks + n-cN = 0. 

k=l s=l 

6. Quantum Hamiltonian reduction and differential operators for quivers of 

TYPE A 

In the last section of this paper we will show how to recover some of the representations of 
rational GDAHA described in the previous section as a special case of the representations of Gan- 
Ginzburg algebras constructed in Section [3j In order to to this we will have to investigate the 
relationship between PV^-modules for a star-shaped quiver and g [^-modules. This will require 
a preliminary discussion of the connection between partial flag varieties and spaces of quiver 
representations. In this analysis, our main technical tool will be a construction called quantum 
Hamiltonian Reduction, which is the quantum analog of the Hamiltonian reduction procedure. 

6.1. Quantum Hamiltonian reduction and twisted differential operators. Let us recall 
the definition of the quantum Hamiltonian reduction. For more details about this construction 
and its properties we refer to [ELOR| . Section 1.1, and [E], Chapter 4. 

Let A be an associative algebra, g be a Lie algebra and [i : q — > A a homomorphism of Lie 
algebras. 

Definition 6.1. The quantum Hamiltonian reduction of A with respect to Q with quantum 
moment map jj, is the associative algebra 

U(A,Q,fi) = (A/Afi( Q ))», 

where the invariants are taken with respect to the adjoint action of q on A. 

An important example of quantum Hamiltonian reduction will be for us the algebra of twisted 
differential operators on a partial flag variety. Let us recall this construction. Let ao, • • • , a^-i 
be a collection of positive integers satisfying the condition 

N = ao > a i > ' ' ' > &£-i > 

Let Fi{a\, . . . , a^_i; N) be the space of partial flags of type (a±, . . . , o^-i; A), that is the con- 
figuration space of i — 1 subspaces in 

V t -x c y,_ 2 c • • • c V x c v = C N 

such that dim(Vi) = a^. Let Lj be the line bundle with fiber A ai (Vi) on Fl(a\, . . . ,ct£-i; N). 
Let E be the total space of the principal (C x )^ _1 -bundle corresponding to the direct sum of line 
bundles L\ © • • • © Denote by £i the Euler vector field on E along the i-th factor of the 

fiber. Let \ect{E) denote the algebra of vector fields on E, and denote by £ : C^ 1 — > Vect(E) 
the map that sends the standard basis vectors to the f^s. Let x = (xi) • • • > Xe-i) De a vector in 

Definition 6.2. The algebra of twisted differential operators on Tl{a.\, . . . , og-i; N) is the al- 
gebra 

V^T£( ai , . . . , at-v, AO) = U(V(E),C e -\£ - x). 

When x = this construction gives the algebra T>(Tl{a\, . . . , cti-\\ N)) of differential opera- 
tors on the partial flag variety. 
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6.2. Quiver-related partial flag varieties. Let Q be a quiver of type A with vertices labeled 
by the integers 0, 1, ... ,1— 1, and such that all edges are oriented toward the vertex 0. Let N be 
a positive integer, and let a be a dimension vector for Q such that ao = N, and the dimensions 
at the remaining vertices are all non-zero and strictly decreasing as one moves away from the 
vertex 0. In other words 

(32) a = N > a\ > ■ ■ ■ > ae-i > 0. 

Observe now that to any dimension vector as above we can attach the corresponding variety 
J T £(ai, . . . , cki-u N) of partial flags in C^. 

As in Section [21 let us consider the Lie group G(a) and its Lie algebra 0(a) defined as follows 

t-i e-i 
G(a) = JJ GL Qi , g( a ) = g[ Qi . 
i=0 i=0 

Consider now the Lie group G(a)' and its Lie algebra 0(a)' defined as follows 

e-i e-i 

G(a)' = Y\ GL Qi , 0(a)' = Il0W 

i=i i=i 

We have 

(33) G(a) = GLat x G(a)', g(a) = qI n x g(a)'. 

Denote by Incl(C a % C"'" 1 ) C Hom(C ai , C a ' _1 ) the open subset consisting of inclusions, and 
by X = ©^~Jlncl(C a ' , C" 1-1 ) the open subset of Rep a (Q) consisting of the representations of Q 
for which all arrows are inclusions. As observed in [ELORJ, the group G(a)' acts freely on X, and 
the quotient is the flag variety J-£(ai, . . . ,a^_i; iV). Moreover, the closed set of non-inclusions 
Rep a (Q) \ X has codimension greater or equal to two in Rep a (Q) (see [ELOR], Section 2.4). 
It follows that the algebras of differential operators over Rep a (Q) and X are isomorphic, that 
is we have 

W a = V(Rep a (Q))^V(X). 

Note that the action of the remaining GLn on Kep a (Q) commutes with the action of G(a)' . 

Let 3 be the natural representation of G(a) on Rep Q (Q) by conjugation. Differentiating 5 
gives a homomorphism (Q : g(a) — > W a . Let \ = Yli=i X«Tr | Q be a character of 0(a)'. The 
following theorem was proved in [ELOR| . 

Theorem 6.3. [ELORl Theorem 2.4.1] There is a GL ^-equivariant isomorphism of algebras 
U (W a ,Q(a)',(Q - x) - V^Ti{a u a t -i',N)). 

□ 



6.3. A quiver version of the Borel-Weil construction. Let Q and a be as in the previous 
section. In this section we will use Theorem 16.31 to establish a relationship between W^-modules 
and finite dimensional g [^-modules. Our goal is to compare the representations of Section [3] and 
Section Note that in in Section [3] we used the homomorphism £ of the Weil representation 
to embed 0(a) into W a , while in the previous section we used the differential d2 of the natural 
action of 0(a) on Rep Q (Q). Because of this, we will need to modify Theorem 16.31 to adapt it to 
our situation. 
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First of all, we want to compare the homomorphisms £ and d% by finding explicit formulas 
for them. For this we need a convenient description of W a . Observe that, for Q and a as above, 
we have 

i-l 

Re Pa (Q) = 0Hom(C^,C^- 1 ). 
p=l 

For i = 1, ...,£ — 1 denote by hi € Q the arrow starting at the vertex i and ending at the 
vertex i — 1, and by faj S Q op the opposite arrow. Then the algebra of polynomial functions on 
Rep a (Q) is 

C[Rep a (Q)} = C[t^ s : i = 1, . . . ,£ - 1, r = 1, . . . ,ai- u s = 1, . . . ,at], 

and the algebra of differential operators with constant coefficients on Rep a (Q) is 

P c (Re Pa (Q)) = C[d/dt% :i = l,...,£-l,r = l,..., a^, s = l,...,a t }. 

With the same notation as in (fT3|) . consider the basis for the vector space Rep a (Q) consisting 
of the vectors 

(34) p hurs i = l,...,£-l, r = 1, ... ,aj_i, s = l,...,Oj 
and the basis for the vector space Rep a (Q op ) consisting of the vectors 

(35) p h i' sr i = l,...,£-l, r = l,...,ai_i, s = l,...,aj. 

Let S , (Rep af (Q)) and S'(Rep a ((5 op )) denote the symmetric algebras of the respective vector 
spaces. Then the assignments 

(36) p hurs -»• a/9f*j 

(37) p^' sr -> 

define algebra isomorphisms S(Rep a (Q)) ~ V c (Rep a (Q)) and 5(Rep Q ,(Q op )) ~ C[Rep a ((5)] 
respectively. It is clear that W a = S(Rep a (Q)) (g> S(Rep a (Q op )) as a vector space, and that the 
above assignments give an explicit isomorphism W a ~ P(Rep Q (Q)), where D(Rep a (Q)) is the 
algebra of differential operators with polynomial coefficients on Rep a (Q). 

Remark 6.4. Observe that with the above identifications the natural action of D(Rep a (Q)) on 
C[Rep Q (Q)] by differential operators correspond to the action of W a on S(Rep a (Q op )) in which 
p h i' sr acts by multiplication and ph ijTS by the contraction map rj(ph^ rs , — ). 

The following lemma gives explicit formulas for the homomorphisms dZ and £. 

Lemma 6.5. Let U* s be the rs-th matrix unit in Mat QiXa . (C) = gl ap C g(a). Then 

(38) m s )= Yl P K ' rl Phas- E P ht+1 ' ls Ph i+ un + Srsl(m-i-a i+l ) 

/=l,...,Oi_i l=l,...,a i+ i 

(39) dZ{El s )= P K ' rl Phas~ E ^'"/Wi 

i=l,...,Q!i_l i=l,...,a i+ i 

Proof. The proof is by direct computation. For formula (|38p it is enough to apply the 
definition of £ given in formula @. For formula fj39[> one can easily differentiate the action of 
G(a) on 5 , (Rep Q ((5 op )) (see for example [Hj . Lemma 3.1). 

□ 
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Let now x = Yli=i X«Tr g [ a be a character of g(a)' , and let x be the character given by the 
formula 

1 €_1 

(40) X ■= X ~ g - ai+i)Tr g(a! 

8=1 

We have the following modified version of Theorem 2.4.1. in [ELORJ. 
Theorem 6.6. There is a GL^- equivariant isomorphism of algebras 

U (W a ,B(<x)',Z - X) * V^{Fl{a u . . . , a^N)). 
Proof. By Theorem 2.4.1 in [ELORJ there is a GL^v-equivariant algebra isomorphism 
U (W a ,e(a)', dZ-x)- Vx{Tt{a u at-^N)). 
By Lemma 16.51 we have that £ — x = d$ ~ X> aim the theorem follows. 

□ 

Let now M be a W^-module. Then M can be given a structure of g(a)-module in two ways, 
via the map £ and dZ respectively. The above lemma allows us to compare these two g(a)-module 
structures. We have the following proposition. 

Proposition 6.7. For every W a -module M the two Q(a)-module structures on M given by the 
maps £ and cQ differ by a character vanishing on the scalars. This character is given by the 
formula 

1 l ~ X 

(41) = -J](aj-i - a m )Tr fl[a . 

»=o 

where a_i = 0. In particular we have that, for every character x of Q(a), the x - equivariant 
subspace with respect to the Q(a)-action induced by the map £ is the same as the x - 

equivariant subspace with respect to the Q(a)-action induced by the map (Q, where x * s the 
character defined by the following formula 

1 €_1 

(42) X ■= X ~ g ^Zi a i-i ~ a*+i) Tr 0i Qi - 

j=0 

Proof. The proof is immediate. The fact that the character in (|4ip vanishes on the scalars 
follows from the fact that both £ and d% vanish on the scalars. 

□ 

Consider now the W^-module M = S(Rep a (Q op )), where the W Q -action is as described in 
Remark 16.41 Let x be a character of 0(a)', and suppose that for i = 1, ...,£— 1 there exist 
positive integers hi such that 

(43) Xi = b i + ^(ai-l - cti+i). 
In this case we have 

Xi = Xi~ ^("i-i - = h 
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so that in particular the character \ is integral. By Theorem 16.61 and Proposition 16.71 the % ~ 
equivariant subspace of M can be identified with the space T{C^) of global sections on 

the flag variety X/G(a)' ~ ~Fl(a%, . . . , a^_i; N) of the line bundle 

£x = X x C_x/G(a)' 
where is the one-dimensional G(a)'-module corresponding to the character 

e-i 

e~ x = (det G L 

i=l 

and the G(a)'-action on X x is the diagonal one. Similarly to the case of the complete flag 

variety we have that if M^°^ is nonzero then it is a finite dimensional irreducible GL^v-module. 
We have the following proposition. 

Proposition 6.8. The space with the gl N -action induced by the map £ is an irreducible 

finite dimensional module of highest weight 

e-i 



(44) 



biUJN- 

i=i 



Oil UJ N . 



vi=l 



Proof. For i = 1, . . . ,£ — 1, r = 1, . . . a{, and s = 1, . . . , aj_i let us denote by [/"s'" 1 " 1 the 
elementary oti x Qj_i matrix whose rs-th entry is one, and whose remaining entries are zero. For 
every choice of index i, these matrices clearly form a basis of Homc(C Qi_1 , C ai ). With this choice 
of bases, and using the same notation as in f 1 1 3 1) . we will identify p h i' rs with the representation 

to the arrow h*, and assigns 



of Q op of dimension vector a that assigns the linear map U\ 
the zero map to all the other arrows. These representations clearly form a basis of Hep a (Q op ) 
and we will call them the elementary representations of Q op of dimension vector a. 
Let p hi be the an x oti—i matrix with entries in Kep a (Q op ) C M given by the formula 



In other words p h < is the matrix whose rs-th entry is the corresponding elementary representation 
of Q op of dimension vector a. 

For any element g = (go,9i, ■ ■ ■ ,9i-i) of GL/v x G(a)', where gi S GL ai , we can then write 
the action of g on Rep Q ,(Q op ) in matrix form as follows 



9 * P K 



SiP^V-i 



ctiXa 4 _i 



where, as usual, 9ip h i' rs g i \ denotes the action of G(a) on Rep Q (Q op ) by conjugation. 

If gi € GL(aj) and g~[\ G GL(aj_i) are represented, in the standard bases of C ai and C * -1 , 



by the matrices 



9i,hk 



and 



9i-l,hk 



it is easy to calculate that 



Qi_l XQ;_i 



Oti-l 



HifT* '' - = E 9iMP KM ^d p h ^ s g-\ = £ P hhrh 9Ush- 

h=l h=l 

From these formulas we can easily deduce the following convenient description of the action of 
GL^r x G(a)' on Rep Q ,(Q op ) in matrix form 

(45) g*P h > =9fp h Hgli)- 1 
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where gj and {gf^)^ 1 are the transpose matrices of gi and g^\ respectively, and gj~p h * (gf-i)^ 1 
on the right hand side of the equality is just the ordinary product of the corresponding matrices. 
For every i = 1, ... ,1 — 1 we can regard the product 

7Tj = p » . . . p 1 

as an ctj x iV-matrix with entries in S'(Rep a (Q op )) = M. Let us denote by Di the leading 
principal minor of size a, of the matrix 7r%, and let us define the vector v in M as follows 

v:=D b 1 K..Dl- l \ 

We will show that v is in M| (q) ' , and that it is a lowest weight vector for the gl^-action induced 
by the map dZ- 

First of all, observe that, using formula (|45p . for any g' = (gi, . . . ,gt-i) in G(a)' and any 
i = 1, ...,£— 1 we have 

g'*TTi = (g 1 * p h i)(g' * p h ^) •••(</* 

= s?V* id-i^fi-^ G^)" 1 • • • sgLiT^ 

T 

= 9i • 

Now since 7Tj is an x JV matrix we can write it in block form as follows 

7T; = (Al^i) 

where Ai is of size an x and 5j is of size x (N — a.j). With this notation we have that 
Di = det(-Aj) and 

g' * = gf^i = {gfA\gfBi) . 

Thus, calculating the action of g' on D b ' , we get 

</*^ =(<?'* A) 6 ' 

= (det(gf Ai)) bi 

= (detg?) b * det(A t ) b > 

= (det gi ) b * D bi . 



It follows that 



g'*v = H(g' * A) 6 ' 

i=l 

£-1 



= H(det 9i ) b *D 

i=i 
/t-i 

= II( det ^) 61 

\i=i 

Thus v is in r(£y) = M^°^ , and M^°^ is nonzero. 
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Let now T be the maximal torus of diagonal matrices in GL^r, and let to = diag(ci, . . . , cjv) 
be in T. We have 



T\-l 



t * TTi = 7Tj(t ) 
= ^it^ 1 

= (Adiag(c- 1 , . . . , c- 1 )| J B i diag(c- i 1 +1 , . . . , c^ 1 )) . 

Calculating the action of to on D\\ we get 

to * = {to * Dif 

= det(^diag(c7 1 ,...,c-^)) bi 
= (cr 1 • • • c-l) hi det(A) bi 

This gives the following formula for the action of to on v 

t *v= (j[( c i ■ ■ ■ c ai )- b ^j v = e"' \to)v 
where // is the following weight 

e-i 

H 1 = -J2biUj ai . 
i=i 

Therefore v is a weight vector of weight // for the action of gljy induced by (Q- 

Finally, let B be the Borel subgroup of upper triangular matrices in GL^r, and let B' be 
the opposite Borel of lower triangular matrices. Let U' be the unipotent radical of B\ and let 
lo be an element of U', that is Iq is a unipotent lower triangular matrix in GLat. For every 
i = 1, ...,£ — 1 we have 

l * TTi = Ki(lo) 1 

Here the transpose matrix (Iq ) _1 is a unipotent upper triangular matrix, and can thus be written 
in block form as 



(ilr 1 



UN-,* 



where U ai and Un-o^ are unipotent upper triangular matrices in GL ai and GLjv_ Qi respectively, 
and stands for the zero matrix of size (N — a«) x «j. Thus we have 



;T\-1 



l * TTi = TTi(l )' 

= (A\Bi f 1 



Un-a 
(AiU ai \C + B t U N . ai ) 
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where C is some on x (N — ai) matrix. Calculating the action of Iq on we get 

l * = (l * 

= (det(A^)) 6< 

= det(Ai) fel det([/ ai ) 6 < 

= det(A) bi 
= Dt 

where we used the fact that det(U ai ) is equal to one. Therefore 

Iq * v = v 

and v is a lowest weight vector for the corresponding q[ n action. 

Thus M%- a ' is an irreducible module of lowest weight y! for the cj [^-action induced by the 
map dZ- It now follows from Proposition 16.71 that, with respect to the cjl^-action induced by 

the map £, the space is a finite dimensional irreducible module of lowest weight 

I 1 

t*>" = m' - 2 aiTr s l iv = biUJa * ~ 2 aiUJN - 

To obtain the highest weight from the lowest weight we just have to apply the transformation 
— t to fj,", where r is the canonical involution for type A. Since — r is given by the formulas 

-t(u n ) = u N 

— T(0J r ) = UJn — LO TV— r > V = 1, . . . , N — 1 

we get the desired expression for \i. 

□ 

7. Comparison of representations 

With the results of the previous section at hand, we are now ready to show how to obtain 
some of the representations of Section [5] as a special case of the representations of Section [3l 
using the isomorphism (p of Proposition 14.21 

Let D be a star-shaped graph that is not a finite Dynkin diagram. Let the vertices of D be 
labeled as in Section HI Let Q be the quiver obtained from D by assigning to the edges along each 
leg the orientation toward the node. Let N be a positive integer. Let a be a dimension vector 
for Q such that ao = N, and the dimensions ar^ >s ) at the remaining vertices are all nonzero 
and strictly decreasing along each leg, as one moves away from the node. In other words for 
k = 1 , . . . , m we have 

(46) a = N > a (M) > • • • > a^-i) > 0. 

Denote by Qk the quiver (of type A) corresponding to the fe-th leg of Q (including the node), and 
let be the restriction of the dimension vector a to Qk- Let E% := Rep a (fc) C Kep a (Q) 
be the corresponding symplectic subspace, and denote by C W a its Weyl algebra. Then it 
is clear that the vector space Rep a (Q) has the following decomposition 

m 

Rep a (Q) = 0£ fc . 

k=l 
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It follows that the Weyl algebra W a is the tensor product 

rn 

(47) W a = (g)W k . 

k=l 

To ease the notation let us set 

4-1 4-1 
G fc := G(a<*>)' = ]J GL a(k s) and g fc := fl( a W)' = [J g[ Q(M) . 

a=l s=l 

We have 

m m 

(48) G(a) = GLjv x J] G fe , g(a) = gljy x [J g fc . 

k=l k=l 

Let us now consider the construction of Section [3] in this special case. For any W a -module M 
we can write M = <3)tLi -^fci where M k is a W^-module. Let x be a character of 0(a). Let us 
write 

X = XoTr g(jv = cTr g(jv 

4-1 

x (fc) = x (M Tr 0i Q(fc , s) 

s=l 

for the restriction of x to an d to g& respectively. We can now construct the module F„ )X (M) 
in two steps, first by taking the YlT=i X^- e q u i varian t space with respect to the YYk=l 0fc-action, 
and then taking the x'-equivariant space with respect to the gljy-action. By restriction, we get 
a representation of the spherical subalgebra e® n A n .\^ u (Q)eQ n on the space 

e® n F n , x {M) = e® n (M ® U® n )^ 
= {M® e® n U® n )^ a) 

(m \ fl'jv 

fc=i ' / x / 

Using the results of Section 16.31 we wu l show how, for appropriate choices of the W Q -module 
M and of the character x, the subspace (M) 9 * fc) is a finite dimensional ^-stepped 0^-module 
for every fc = 1, . . . , m, and the above representation is of the type described in Theorem 15. 11 

Suppose there exist positive integers bk s such that for k = 1, . . . , m, s = 1, . . . , l k — 1 we have 

(49) X(k,s) = hs + ^("(M-i) ~ ®(k,s+i))- 

Suppose moreover that x satisfies condition ([9]), that is we have the identity 

m £k—i 

$Z *(M a (M + cN -n = 0. 

k=l s=l 
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Substituting the values for X(k,s) given in formula (|49p in the above identity we get the following 
condition on the integers b k)S and the complex number c that define the character x 

m 4~ 1 ^ m 

(50) b k,sak,s + 2 Yj a (k,l) N + cN-n = 0. 

fc=l s=l fc=l 

Set Mfc = S^Rep^jo {Q° k ))-, where the V^-action is as described in Remark 16.41 
As in Section U define the open subset X fe = e^Inc^C^^C"^-- 1 )) of Rep Qfe (Q fc ). 
Then, by Theorem 16.61 and Proposition 16.71 applied to the algebra W k and the character x^ k \ 
the subspace (M k ) 3 ^ k) can be identified with the space T(C^k)) of global sections on the flag 

variety X k /G k — ^(a^i); . . . , Oi(k,i k -i)] N) of the line bundle 

C^(k) = X k x C_£( fc )/Gfc, 
where C_^tk) is the one-dimensional G^-module corresponding to the character 

A 

~(k) _ fj t \ -(X( fc , s )-|("(fc, s -i)-"(fc, s +i))) 



-x (k) = n ( det 

8=1 

4-1 



GL "(fc,s) 



= n ( det GL« (M) ) _6fcs 

3=1 

and the G^-action on X k x C_^(k) is the diagonal one. By Proposition 16.81 the space (M k ) Sk (k) 
is an irreducible finite dimensional g [^-module of highest weight 

4-1 /4-i 1 \ 

(51) Affc = b ks UJN-a (k S ) - \ hs + 7; a (k.l) UN- 

8=1 \8 = 1 ^ / 

It follows that choosing M = S(Rep a {Q op )) = ®^ =1 5(Rep a(fc) (Qf)) = ®™ =1 M fc we get a 
representation of the algebra eQ^^^-i^^f™ on the space 

(m \ 9 ( iv 

(gjy^Oc^H =£7 n)X /(^,...,y m ) 
fc=i / x ' 

where V k is the irreducible gljy-niodule whose highest weight fj, k is described by formula (f5"Tj) . 
We would like to show that this representation is of the type described in Theorem 15.11 

First of all, observe that, with our choice of character x (see (|49|) ) and for v = —1, according 
to Theorem 13.11 the parameter A must satisfy 

- m 

(52) Ao = c-iV + -^a 



2 

fc=l 



(fe,i) 



(53) \k,s) = bks - a(fc,s) + a (fc,s-l) 

Note that, since the numbers a(/% jS ) decrease along the fc-th leg moving away from the node, the 
numbers N — ctr k>s \ increase. With the same notation as in Section [5j we can thus write 

Mfc = hiUp kl + • • • + frfc,4-i w Pfc(« fe -i) + bke k UN, 
where p ks = N — at(k,s) an d b ks are the positive integers in (|49p for s = 1, . . . ,£ k — 1, while 
frfc4 = ~~ (Yll'^i 1 ^ks + • It is now eas y to calculate that the value of the parameter A 
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given in formulas (|52|) and (|53p agrees with the value given in formulas (|28p , (|29p in Section [5] 
for ^ = 1. Thus choosing ^ as in formula ([30|h that is 



(54) 



6 



±yy bM + LJly 

\ h+k j=l j=l 



-Y, 



m 



2m y ' 
h^k 



2m 



-a. 



(fc,l) 



we have an isomorphism tp : B n {^f, 1) — ef n A n: \-i(Q)ef n as in Theorem 14.21 where 7 is as in 
Lemma 15.21 

Moreover we can check that the condition on the character \ m formula (150p agrees with the 
condition on the character %' = cTrgi^ in formula ([3T]) when fik is as in (j5Tj) . Indeed, since for 

every fc we have = — (^fj^ &fc s + ^ a (fc,i)) ' accor( hng to formula (|3T1) we must have 



and so 



^ 6 fes (^ - a (M ) - J] ( 6 fcs + -a (M) ) N + n - cN = 



fc=l s=l fc=l \s=l 



m 4-1 



^ ^ b ks a^ s) + - ^ a (fcjl )iV + ciV - n = 0, 



2 

fe=l s=l fe=l 



which is exactly the identity in (|50p . 

We now want to prove that pulling back the above representation of e® n A n ^-i(Q)e® n on the 
space E n)X r(Vx, . . . , V^) via the isomorphism <p we get the representation of the algebra 7) 
in Theorem 15.11 

To ease the notation set W = £n, x 'Ol> • • • > Kn) and let V : e^ n A n ,x,-i(Q)e^ n ->• End(W) be 
the homomorphism corresponding to the above representation. Let U rs denote the rs-th matrix 
unit in gl ao = qI n . Using once more the pair of dual bases for Rep a (Q) defined by formulas 
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T3l) we have 



/;.(/ 



s,r — l,...,N 
t,l=l,...,a 



(fc,l) 



^ <^t,/ (ph* kl ,tsPh kl ,rl) \hl k (-U sr ) |» +m — h ^"(A:,!) 



s,r=l,...,JV 



(fc,l) 

N-c 1 

h -< 

m 2 



^ (p H ^' tS Ph kl ,rt) \M k Usr|i+m + ^(fc.l) 



s,r — l,...,iV 
t=l,...,t»( fcjl ) 



^ f-^(Urs) - ^rs-^CM)^ U4 U sr | i+m — h 2 Q (fc,l) 



,r=l,...,iV 

N-c 



-Z#u„)k fc u 



sr i+m 

m 



i,r=l,...,JV 

N-c 



-n 



k,i+m 



■m 



where we used the fact Ph* kl ,ts = p hkl,ts , and we used formula ([38]) to compute £(U rs ). Note that 
we get exactly the same formula as in Theorem 15.11 for v = 1. 
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